Lecture 1:

We will develop the theory of complex differentiable functions (we will see soon what this means),
and it is surprisingly elegant. Examples of complex differentiable functions are complex polynomials
ap + a,z + a,z% + - + a4z%. Other examples are functions defined by infinite power series such as

ap + a,;z + a,z? + -+, or functions like {(s) = Zﬁzoifor Re(s)>1. Also, we will study a connection to

harmonic functions: if we have a disk in the plane and a twice real differentiable function u of x andy,
then we say u is harmonic if u,, + u,, = 0.

Notation: z will denote a complex variable and we will write x for the real part and y for the imaginary
part. We will write C* to mean C\0. Recall thata set U in Cis open if it contains an open disc about
each of its points.

Definition: A pathin UEC or C is a continuous map y from a closed interval [0,1] to C. We say U is path
connected if any two points in U are joined by a path.

Definition: Adomainin C is a non-empty open path connected set.

Definition: We say y is a closed path if y(0) = y(1). When we integrate along paths we will need these
paths to be continuously differentiable. We say y is C" if itis n times continuously differentiable
everywhere in [0,1]. Often, paths are always continuous but only piecewise C'! and these are the paths
we will mainly work with. We say a path is simple if it is injective except for perhaps y(0) = y(1).

Definition: Let UEC be open. We say f: U — C is differentiable at w if the analog of normal

differentiability holds, ie lim %’Jw)

VARd%
open neighbourhood of w. If U = C and f: C — Cis holomorphic everywhere then we say that fis an

exists. We say f is holomorphic at wif it is differentiable on some

entire function. Sometimes this is called being analytic.
Note that this definition is different from real differentiability (we will see how soon).

Note that the usual rules for differentiating sums, products, compositions, and inverses are the same,
because you can use exactly the same proofs as in the real case.

Any function U — C can be written as f(z) = f(x + iy) = u(x,y) + iv(x, y) for some real valued

functions u and v that are just the real and imaginary parts of f. Recall that u: U — R is differentiable at
u(x,y)+ulc,d)-Alx—c)—u(y-d) _

(c,d)eUcEe R? if and only if there are A,y such that  lim
(xy)-(c,d) V(x=c)2+(y—-d)?

Proposition (Cauchy Riemann equations):

f(x +iy) = u(x,y) + iv(x, y) is differentiable at (c,d) with derivative p+iq if and only if u and v are
both differentiable there and u, = v, = pand —u,, = v, =q.

Proof:

f(2)—fwW)—(z—w)(p+iq)

Suppose first that f is differentiable at w with derivative p+iqg, then lim p— = 0.We
oW -
use the simple fact that lim fz) _ 0 if and only if lim L) 0. If z=(x,y) and w=(c,d) then by simple
z—a 9(2) z—a |9(2)]

algebra

z-w)p+ig)=plx—c)—qly—d) +i(glx—c)+ply—4a))



We know the real and imaginary parts to both go to 0 if the limit goes to 0, so (using the facts above)

u(x,y) —u(c,d) — (p(x —c) —q(y — d)) _

lim 0
= JG-r G-

i YY) — (e d) - (qx—c) +ply—ad)) _
im =0
o Je—o2+ (- D

So u and v are differentiable at (c,d) with Du = (p, —q), Dv = (q, p)- This proves the first direction.

Remark before we prove the other direction: We don’t merely need u,, = v, = p and —u,, = v, = q but
that u and v are differentiable as functions R?> = R. However, if u and v have continuous partials in an
open neighbourhood of w then we are good.

The converse is then immediate from the idea that limit in complex numbers is equivalent to limit in
real and imaginary parts.

Note that polynomials are entire — we can derive the limit the same way we can for real functions. le,
polynomials are sums and products of the identity function and constants which are clearly entire.

Example of something that does not work: f(z) = |z| is differentiable in the real sense at everywhere
but 0, but nowhere in the complex sense. This is because u = \/x? + y?,v = 0, and we compute

x _ y _ _ . . .
J—TyZ’uV Nezrerek Uy = Uy 0 so the cauchy riemann equations fail, but at the
origin this is not differentiable either as the limitis 1 along the positive reals and -1 along the negative
reals.

directly thatu, =

Lecture 2:

Suppose u and v are twice continuously differentiable and satisfy the cauchy riemann equations, then
Uy = Vy SO Uyy = Vyy = VUyy = —Uyy SO Uyy + Uy, = 0.

Proposition: Let U be a domain and f be holomorphic, then if f’(z)=0 everywhere on U then fis
constant.

Proof: Suppose we have a continuous path, then since U is in an open region at any point we can
cover it by an open rectangle contained in U such that its boundary is contained in U, and since the
path is compact we can extract a finite subcover. We can use the edge of these rectangles to
construct an axis-aligned path from a to b, as we did in differential equations for that one proofin
Lecture 8.

Now on this path, u, = v, = u,, = v, = 0, so by the known real analysis version of this theorem, the
derivatives vanish on u so u and v are constant along this path, thus fis constant along this path, so
f(a)=f(b), then since a and b were arbitrary we are done.

Definition: We say fis conformal at w if it is holomorphic with non-zero derivative.

We now consider the image of a path y; that locally looks like (—¢, €) and a path y, that locally looks
like (—¢, e)eie under a function conformal at 0, ie they have non-zero tangent vectors with an angle 8
between them.



fn©@) _ '@y
F(r2(0)  £'(0)y;(0)
a function which is conformal at their point of intersection preserves the angle between the paths. The

Now

by the chain rule. This means that the image of two paths that intersect under

intuition for this is that real differentiability needs the limit to exist from the left and the right, but
complex differentiability needs it to exist in all directions which is a much stronger condition. We say f
is a conformal equivalence if itis a bijection from domains U to V and conformal on all of U. The
bijection property + the inverse function theorem viewing C as R? and in this context one can see that
non-zero complex derivative is equivalent to non-singular derivative, you can see this if you use the
cauchy riemann equations and see that a p+qi derivative corresponds to the derivative matrix

(5 _qp) where this matrix geometrically is the same as multiplying the complex plane by p+qi.

Conformal mappings with a continuous derivative are guranteed to be local bijections by the inverse

function theorem. We show later that if a function is holomorphic on a domain then its derivative has
to be continuous and we will be able to drop this extra assumption.

Example:

If f(z) = z% then f(x + iy) = x? — y? + 2xyi. By earlier, it must be the case that the pre-image of any
two perpendicular lines not through the origin are perpendicular. What this means is that we can

deduce that the graphs x2 — y2 = cand 2xy = c'ory = %are always perpendicular for ANY c and ¢’

as long as itis not the case that both of them are 0.

\ ‘
o
/ ! \ We see in this image that the graphs do indeed meet at right angles.

Example: If ais not 0 then az+b is a conformal equivalence C to C. f(z) = z™ takes the points

satisfying 0 < arg(z) < %to the points with strictly positive imaginary part and is a conformal
equivalence. Note that this “upper half plane” is exactly the points that are closer to i than -i, which

means |§| < 1. Therefore this mobius map takes the upper half plane to the unit circle in the

complex plane. This is a conformal equivalence since the derivative is (Zi—ll)z which is not 0 in the upper

half plane, and itis clearly injective and surjective.

Example: The exponential map sends vertical lines in the plane to circles centered at the origin whose
radius is determined by the real part. This is not in general conformal since it is not always a bijection
and the resulting circle will wrap around the origin infinitely often. Other lines are sent to spirals or
half-lines (in the horizontal case).

Example: From the groups course, it is known that mobius maps send lines and circles to lines and
circles. So the image of a sector a<arg(z)<b under a mobius map is a rgion bounded by two lines or
circles (since mobius maps are bijective). So we have a few possibilities:

1. We get another sector if the mobius map sends lines to lines, ie it is
rotation+stretching+shifting but with no division.



2. Thetwo lines that define the sector (which intersect at 0 and infinity) end up intersecting at two
places in the plane in a fashion that we get a line and a circle, and any of the regions deliniated
by these lines can be the image.

3. Same as case 2 except we have 2 circles.

In these cases we can determine which is the image by considering where some point in the sector
goes.

2
Example: The map % is holomorphic except at 0 and conformal except at 0, 1 or -1 (differentiate
this to check).
Lecture 3:
Let S* be the unit circle (the boundary of the closed unit disc).

Let U be a domain. We say U is simply connected if every continuous map from the circle to the
domain extends to a continuous map of the closed disc. This intuitively means that any loop can be
continuously shrunk to a point so there are no holes

Recall from level 4 that if f(z) is defined by a complex power series defined by ): ¢,,(z — a)™ with non-
zero radius of convergence R then its derivative is given termwise and has the same radius of
convergence. Therefore f(z) is holomorphic and has holomorphic derivative (and in fact infinitely many
holomorphic derivatives) in Bg(a).

Proposition: Suppose that a power series has radius of convergence R about a and suppose thaton a
ball of radius € about a the power series is 0, then it is always 0.

Proof: All derivatives are 0 at a (known) so all coefficients are 0. This is because we know from level 4
that differentiation of power series is given by termwise differentiation of the coefficients.

Recall that the exponential function hits every complex value except for 0.

We will talk about the logarithm. Since the exponential is “many-to-one”, the logarithm “wants” to be
one-to-many.

If Uis adomain notincluding 0, then a continuous function F on U is a branch of the logarithm is
everywhere on U ef@ = z.

Now if U is within the complex plane cutting out 0 and the negative reals, the principle value of the
natural logarithm on here (as discussed in level 4) is a branch of the logarithm that works.

The problem is if our domain wraps around the origin, and we try to make the imaginary part of the log
vary continuously, it will increase by +2m by the time we get back to where we started, so we cannot
have a single valued logarithm on here.

The same problem happens for non-integer powers z" since they are defined as e™°9() |fnis an
integer this is fine because that is the only case where log changing by 2ir does not change the result.

Lecture 4:

Note that on any simply connected domain not containing 0, a single valued branch of the logarithm
exists on this (even if it spirals around the origin), since as we will show later in the course, any



function which is holomorphic on a simply connected domain (and in particular %) has a single valued

antiderivative on there.

We note that if nis rationalin f(z) = z™ then this is multivalued but only has finitely many values,
since itis some finite integer root of a single valued function, and finite integer roots are finite valued
in the complex numbers.

1
Since vz = 02108 (Z), then itis clear that we cannot really define a global square root function since
when we go around the origin and try to vary it continuously we will end up going from 1 to -1. See the
proof of unsolvability of the quintic in the misc results section of this website for more details on this.

Lets try to look at the function f(z) = 1/z(z — 1). Then it turns our that if we slit the plane by removing
[0,1] or (—o0,0] U [1, ) we can get a single valued continuous function.

We can think of (—o0, 0] U [1, ) as one line through the point at infinity rather than two different lines.

1
Jz(z—1) = e2'08(z(z-1) Now informally, if we traverse a loop that avoids [0,1], the argument of
log(z) and log(z — 1) both try to jump by 21 so %log(z(z — 1)) tries to jump by 21t and not Tt so we

don’t have the same problem.

Definition: A point p in Cis a branch point of a multi valued function if the function cannot be defined
in a continuous single valued manner on any punctured neighbourhood around the point. An example
is 0 for log or z% for any a not an integer. This is exactly like the “bad points” in the unsolvability of the
quintic proof in the misc results section.

We say f: R — Cis riemann integrable if its real and imaginary parts are. Since we are talking about
continuous functions we will not worry about integrability.

Intuitively obvious proposition: |f:f(t)dt| < sup (b —a)|f(®)]
t€[a,b]

Proof: Let§ = Arg (f:f(t)dt) and M = sup]lf(t)l. Now |f;f(t)dt| =e 10 f;f(t)dt. But this is just

te[a,b
equalto f; Re(f(t)e‘ie)dt since the whole thing is real so the integral of the imaginary partis 0. Now
by real integral properties, this is < f:|(f(t)e‘i9)|dt = f;|(f(t))|dt < M|b — a| with equality if and
only if f is constant.

Definition: A contour is any piecewise continuously differentiable closed path [a, b] = C. We will only
integrate along contours and not general continuous curves since those could be fractal curves or
space filling curves. Piecewise is fine because we can just add up the integrals of finitely many parts.

Definition: Suppose we have a continuously differentiable path y: [a, b] —» C (Not necessarily closed).
Then we have the intuitive definition fyf(z)dz = f:f(y(t))y’(t)dt. We will now formalize the stuff we

did with complex integrals in levels 4 and 6.

Note that if we pick a different parametrization for the same path, ie ¢: [a’, b'] — [a, b] is a
continuously differentiable function which sends a’to a and b’ to b, then we consider § = y o ¢, then
we have that fyf(z)dz = fo(z)dz. This can be proven by expanding it using the definition and then

doing simple integration by substitution.



This only holds if we really are just integrating a function along a path. If we do an integral to find the
length like ff |y’ (t)|dt then this is only invariant under re-parametrization if the reparametrization is
monotone and does not go back on itself or else the length would be double counted in places.
Now consider integrating z" along the unit circle C anticlockwise

Then fC z"dzis 0if nis aninteger exceptif nis -1 in which case it is 2im.

Proof:

Here oury is e'.
2T 2T
f enit(ieit)dt — l-f e(n+1)itdt
0 0
And now itis clear why the formula holds.

We also have the fundamental theorem of calculus (Complex version). This is obvious but | will state
it.

If Uis adomain and fis holomorphic on U and its derivative is continuous on U, then

v(b)

f'@dz = f(y() - f(y(@)

y(a)

Again, to prove it just plug in the definition and use the real version of the fundamental theorem of
calculus. Crucially, if y is closed we get 0.

Of course, it now follows that if we integrate z™ with n not -1 around any loop, then since it has a global
single valued antiderivative except possibly at 0 we will get 0. If we integrate z~ then the result
depends on whether we enclose the origin. Around the origin we cannot define an antiderivative — this
would contradict the fact that we get 2mi and not 0.

An antiderivative has the obvious definition (holomorphic with derivative f). We want it to not be

multivalued like log as an antiderivative of i

Lecture 5:

Obvious proposition: If f is continuous on a continuously differentiable path y then

[ rerdz| < tengthry sup ]
Y

This is by basic properties of real integration: It is bounded by

b b
j [Fr@)|ly'@®)ldt < Suplf()/(t))lf ly'(®)]dt

So the result follows.

Proposition: Let U be a domain and f be continuous on U. Assume that on U, the integral of fis 0 on
any contour. Then f has an antiderivative. Note that the converse of this proposition is something
which we already know to be true.



Proof:

Pick any point ay, € U. From earlier, path connectedness and openness implies that any 2 points are
connected by a path that is piecewise C!. So for any w, pick such a path from a, to w and integrate
along it. Note that since the integral along a loop is 0, this integral is indpendent of our choice of the
path (take one path and minus the other path and we must get 0 so the integral along the two paths

must be the same). Therefore f;;f(z)dz is a valid antiderivative. We just need to prove the obvious

statement that the derivative of this is actually f. Call this “antiderivative” F.

By openness, there is some € such that B.(w) is in U. Therefore for any complex number h with |h|<e
we can consider the straight path from w to w+h. Call this path §;,.

ThenF(w+ h) = F(w) + fahf(z)dz.

The second term can be written as fahf(z) — f(w)dz + hf (w).

F(w+h)—-F(w)

Now [F2=E — fw)| = 2y £(2) = fw)dz + fw) = fw)| = [ f;, F(2) = F(w)dz

Note that continuity of fimplies that the last term approaches 0 in the limit (by the previous obvious
proposition, the mean value of the integral can be made arbitrarily small by continuity), so we have the
derivative we want.

Definition: A domain U is convex if for all p and g in U they are connected by a straight line.

Definition: A domain U is star shaped if there exists a point p in U that can be connected to any other
point gin U by a straight line. This is weaker than being convex because we just need such a pointp to
exist, not for every point to be such a point p. This is, however, stronger than being path connected.

Example: The shape in this image is star shaped by a, but not convex as a
point near two corners cannot be connected by a line.
Proposition: Let U be a star shaped domain and f be continuous on U. Suppose that fyf =0
whenever y is a triangle in U, and the entire interior of the triangle is contained in U, not just the

vertices and the edges, then f has an antiderivative.

Proof: Let p be a point that U is star shaped with respect to p. Let y,, be the straight path from p to w.
Note that the paths ¥, Yw+n @and &, form a triangle in U, then the rest of the proof proceeds as in the
previous proposition.

Now this gets to the exciting bit.



Theorem (Cauchy’s theorem for a triangle): Let U be adomain and Tin U be a triangle in U. Then if f
is holomorphicon U, fo = (. So by the previous theorem this implies any holomorphic function on a

star shaped domain has an antiderivative.
We will suppose the triangle is oriented anticlockwise.

We really do need the function to be defined everywhere inside the triangle — we use this in our proof
when we start subdividing the triangle.

Proof:
Let L be the length of the perimeter of the triangle. Let | be | [ f].

Cut T into 4 smaller triangles by bisecting edges like this:

Note that the middle one has to be oriented in the opposite way from the others. It is easy to seee why.
Note however that the sum of the integrals over all 4 triangles anticlockwise is the integral of the main
triangle since the integral along the interior edges cancel. Therefore there exists a triangle in these 4

which we will call T; such that |f6T1f| = i. We can construct a nested sequence of triangles lying

o : I
inside one another this way such that |faTnf| >

Note that each time we were bisecting edges, so the length of T;, is 27" L.

Now we will claim that the intersection of all T},"s is non-empty and contains a unique point. This is
intuitive but we must prove it.

Note that the diameter of the triangles approach 0 so there can be at most one point since the points
get arbitrary close together in our triangles. The nested intervals property from Analysis | applied to
each coordinate implies there is an intersection point.

Define a new function g(z) = W — f'(w) if zis notw and 0 otherwise. Then this is continuous

.. I 1
on U by holomorphicity of f. Now = < |faTnf| = |faTnf(z) —f(w) = (z—=w)f'(w)dz|. The last
equality is because the function f(w) — (z — w) f'(w) has an antiderivative (it’s just a linear function
of z)

CcL?
— sup |g(2)]
Z€0Ty,

Therefore — < — sup [(z—=w)g(2)| < LnDiam(Tn) sup |g(2)| = —
z€0Ty 2 4% ze

4an —2n z€0T,
Where C is the ratio between L and Diam(T,) which is less than 1 but we just need the fact that it
exists and I’'m too lazy to show it’s actually less than 1. Multiplying both sides of the inequality by 4™
gives that



I < CL? sup |g(2)|

zZ€0Ty

I is therefore 0 by continuity of g since sup |g(z)| gets arbitrarily close to 0 as z eventually gets
Z€0Ty

sufficiently close to w. So | is arbitrarily small, hence 0, and CL? is just a constant.

It turns out that a holomorphic function on any simply connected domain has an antiderivative but
right now we only have this for star shaped domains. We will come back to this at the end of the
course —the result is implied by Cauchy’s residue theorem.

Lecture 6:

To recap what we know so far: Having an antiderivative is equivalent to path independence.
Holomorphic implies the derivative vanishes on any triangle which in turn implies on star shaped
domains that there is an antiderivative.

Proposition: Suppose U is adomain and f: U — Cis continuous and holomorphic everywhere except
for on afinite set. Then the cauchy theorem for triangles still holds. We will show that in reality f must
also be holomorphic on those points if these hypotheses holds, but the proof still works even if this is
not the case.

Proof: We can suppose that S is just a single point by subdividing T if necessary. If the triangle did not
contain any of the points in S we can just shrink U and we are fine. Otherwise we can subdivide the
triangle in such a way that there is only one bad point in the triangle, possibly on its boundary.

7\
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same as the integral along the inner triangle, since the intgral along the other triangles is 0. The
integral along all the other triangles anticlockwise is 0 but the total is the difference between the
integral of the inner and outer triangles. However, we can take the little triangle to be as little as we
like, so the integral can be as small as we like by continuity of f, and therefore the whole integral must
be 0.

We can subdivide like this, then the integral along the outer triangle is the

Corollary: If U is a star shaped domain and f is continuous everywhere and holomorphic on all but
finitely many points then it has an antiderivative

Theorem: Let U be a domain and f be holomorphic on U. Suppose that B,(a) isin U, then forall zin
fw)
dw

—J
2mi Y lw—al=r w—z

B.(a) with 0 < |z — a| < r we have that f(z) =

if wis notzand f'(z) otherwise. Then this is clearly continuous on B,.(a)

Proof: Let g(z) = %ﬁfw)

and holomorphic except perhaps at z. So by the previous theorem flw g(w)dw = 0 which implies

—al=r

_ .\
that flw—al:rf(W) dw = | L2 i, Now by simple algebra Wl = = Wiaz;‘{;o (Z a)

w—z lw—al=r w-z -z  w-a 1_(ﬂ) w-a
w—-a

which is ok since we assumed that |VZV;_Z| < 1. Hence we have



R

lw—a|=r lw—a|=r n

O

By the dominated convergence theorem (it is clear that the hypotheses for that theorem hold by the
extreme value theorem so we have boundedness), or by uniform convergence of power series in any
disc strictly smaller than their radius of convergence (which is true because convergence must be at
least as fast as the absolute convergence rate at the edge) and the fact that uniform convergence
allows limit and integral swaps for integrals over finite arc lengths. As a reminder, the first partis
because we know that everywhere the rate of convergence is at least the rate of absolute convergence
(think triangle inequality) which is at least the rate of absolute convergence at the edge of the disc
which is something fixed, and the second part is because eventually by uniform convergence every

value of the function is less than m away from the limit which means the integral gets within €

of the integral of the limit.

Anyway, we can swap sum and integral to get

[ 1950 [ A=

lw—al|=r n=0 |w-al|=r

But since z-a is a constant, we know that only the n=0 term survives since the integral of any power of
w-a other than -1 goes to 0. We therefore get

fw) f iy
w—2Z - z W—aW

lw—al|=r lw—al|=r

And this integral on the right gives us exactly 2mi. This completes the proof.

This result is extraordinary because it lets you determine the value of a function EVERYWHERE just
given what it does on the boundary. All just because you can differentiate it.

Lemma: Let U be a domain and f be holomorphic on U. Suppose that B.(a) is in U, then we have that

f(la) = folf(a + rez”it)dt. The proof is that we can say f(a) = rw) dw by the previous

2mi flw al=rw

2mit

theorem, then parametrizing the path by y = a + re“™**, we rewrite the mtegral as

2mire?imtdt

_ L@ 1 [ f(a+re?miny
fl= 2mi J, y(8) - rpdt =3 if re2int

And the result follows.

Corollary (Local maximum principle): A holomorphic function on an open ball cannot achieve its
maximum at the center, otherwise it is constant.

Proof: |f(a)| = |f01f(a + rez’fit)dtl which is less than the supremum of the function on the

boundary. Equality only holds if the function is equal to f(a) everywhere on the circle, and since this
holds for all r f must be constant on the disc.

It follows that a holomorphic function cannot have a local maximum in an open domain.

Now it just keeps getting better.



Corrolary (Liouville’s Theorem): Let f be holomorphic everywhere in C (ie, entire). Then if fis
bounded, fis constant. Now this is an extraordinary result because you wouldn’t think it would come
from just being complex differentiable, and certainly not this easily.

Let z,,z, be complex numbers. Pick R > max{2|z,|, 2|z,|}.

Then f(Zl) f(ZZ) — _J‘|W| R f(W) f(W) d SO |f(Zl) f(ZZ)l — |J‘|W|=R (f(W)(Zl_ZZ) dW

2mi w—2z, w—z1)(w—2z23)

Now suppose Mis a bound for f, then

1 —
F22) ~ Flzp)] < -2mrm 222

(2)

Where this is py times the length of the path times the maximum of the function times another

constant divided by a lower bound for the denominator. Now this goes to 0 as R goes to infinity, so if f
is bounded, f(z;) = f(z,) sofis constant.

Lecture 7:

Corrolary (Fundamental theorem of algebra): Every non-constant polynomial has a root in C. By
repeatedly factoring it out we see that every polynomial is a product of linear factors.

Proof: Suppose there were no roots, then its reciprocal is differentiable everywhere hence continuous
everywhere. Therefore we have an entire function as the reciprocal. There is some ball such that
outside it the reciprocal is less than 1 in magnitude, since polynomials go to infinity in size as x gets
large once the most significant term dominates, and by the extreme value theorem the reciprocal of
the polynomial achieves a maximum in that ball because it is continuous everywhere in that ball. But
then this is a bounded non-constant entire function contradicting the previous theorem.

Theorem: The derivative of a holomorphic function is holomorphic. In fact this implies a holomorphic
function is infinitely differentiable. But it gets even better than that. We will prove that if fis
holomorphic on an open ball then f has a convergent power series representation on that ball.

We will show that f(z) = Yoo cn(z — a)™ convergent on the open ball around a that f is holomorphic

fw)

on of radius r, and that for 0<p<r we have ¢,, = p— faB (@) a1
14

dw. Note that ¢, = f(a) by the

cauchy integral formula.

Proof: For this p, if zis such that |z — a| < p then by the cauchy integral formula

f=n [ 1%y

2mi B(a)w z

We also recall that 1 = L ))

w—z (w—a)<1—(z__a

w—-a

As in last lecture we write f(z) = fB (a)f( W) Ymeo (M(}Z a‘;zm dw

2mi

And again using uniform/dominated convergence to swap the sum and the integral, we get the result:

v 1 f(w) .



As desired.

Remark: If fis holomorphic on a domain U then at any ain U there is an open ball around a in U such
that fis holomorphic. So we have a convergent power series on this ball for sure, but not necessarily
convergent everywhere on U.

Theorem (Morera’s theorem): Let U be a domain and f be continuous on U. Suppose that f vanishes
when you integrate it along any contour, then fis holomorphic on U.

Proof: We know from earlier that f has an antiderivative. But then this antiderivative is holomorphic on
U, and thus so is f by the previous theorem.

Corollary: Let U be a domain and let f,, be a sequence of holomorphic functions on U and suppose
they converge to some function f uniformly on U. Then fis holomorphic on U and its derivative is the
limit of the derivatives of f,.

Proof: Take U to be a disc of radius r about z in which fis holomorphic on the closed disc of radius r
about z and prove it there, since we can just combine the results over all such discs since
holomorphicity is a local property and any domain is a union of such discs (as an open disc is a union
of closed discs, since an open ball of radius 1 is the union of one of radius 0.9, 0.99, 0.999, etc). If y is
a closed contour, then by Cauchy’s theorem for a star shaped domain the integral of f,, vanishes ony
and since y has finite arc length, uniform convergence implies that fyfn - fyf (the integrals get

£
length

within € when finevitably is in everywhere by uniform convergence).

So the integral of f vanishes, so by Morera’s theorem fis holomorphic.

. 1 1 fw)
By earlier, f (Z) = Efaar(z) (w—z2)2

[ SW =W e Lo X sup 1 w) = fuw)
0By(2)

(w —2z)? T 27 72 |wez|=r

@~ @) =

Which goes to 0 by uniform convergence.

Note that it is necessary that we have a domain. There is a theorem that we may or may not have seen
in Analysis Il but the statement is that any continuous function on [0,1] can be uniformly
approximated by polynomials. This allows for non-holomorphic continuous functions on [0,1] such as
functions with a spike or a fractal graph to be approximated by holomorphic functions that converge
uniformly to it. The reason this is not a contradiction is because [0,1] is not a domain in C - remember,
a domain has to be both path-connected and open, and [0,1] is closed — even if it were (0,1) which is
openin Ritis not open in C because it contains no open balls in the complex plane.

Corollary: If Uis a domain and f is continuous and holomorphic on all but finitely many points, then f
is holomorphic on U.

Proof: Since there are finitely many bad points, each point has a ball around it with no other bad
points. Cauchy’s theorem on this ball (since the ball is star shaped) says that any integral vanishes,
then morera’s theorem implies f is actually holomorphic on this ball.

Theorem (Cauchy’s theorem for simply connected domains): If U in Cis a simply connected
domain and fis holomorphic on U then the integral of f vanishes on any closed contour on U.



We will develop some definitions to work towards a proof of this statement. The idea is that a loop is
many loops in convex domains stitched together.

Let ¢, be closed paths in a domain U with domain of definition [a,b]. We say they’re homotopic if
there is a continuous map @: [a, b] x [0,1] = U such that if we set the second thing to 0 you get the
path ¢, if we set it to 1 we get 1, and for each t from 0 to 1 we get a closed continuously differentiable
path.

This works in simply connected domains: the loop can be continuously shrunk to a point which can be
continuously unshrunk to the other loop, but it remains to show that if this can be done at all then this
can be done in a fashion such that each loop is not only continuous but continuously differentiable.

Proposition: If | have two closed contours in a simply connected domain then | can deform one into
the other continuous in a fashion such that each intermediate curve is a closed contour.

We use the fact that the domain is simply connected when we assume that any loop can be turned
into any other in a continuous fashion —we can shrink one to a point then unshrink the point to the
other loop.

Proof: Let y,, y1:[0,1] = D be your loops and (by simply-connected-ness) there is a continuous map H
from [0,1] x [0,1] = D such that H(s,0) = y,(s),H(s, 1) = y;1(s).

Let K be the image of H, Then since [0,1] x [0,1] is compact, so is K. Since D is open, it follows that the
least distance from Kto the complement of D is bounded below by some positive & (to see this, the
minimum is attained by compactness + the extreme value theorem).

Now by uniform continuity, there is atso smallthat |H(y) — H(x)| < %(the 4 is arbitrary, the pointis
some fixed constant works) whenever |x — y| < t. Now take a partition 0 = t, < t; < <ty =1
such thatforeachifromOtoN-1,¢;,; — t; < t.

Recall from a certain proof we did in differential equations that uniform continuity allows us to define
a loop by linear interpolation between points which are close enough and then the new loop is
guranteed to be within some threshold of the old loop.

Concretely, for each s, we make a loop P; by connecting each H(s, t;) to H(s, t;+1) with a straight line.

By how we chose t, every line will be less than g in length so we will never leave the open region.

Now what we can do is connect y, to P, by simply moving each point to each other pointin a straight

line, and then we say that this new path is H'[s, u] for some uin (0,1), say u = é

Now define H’(s,t) staying in D by continuously deforming between our curves as follows:

(1= 35)y5(8) + B)Py(D) if 0< s g%
) 1 2
P35—1(t) lfgS S S§

L(S —35)P,(t) + (3s — 2)y,(t) if% <s<1

Clearly each intermediate path is piecewise continuously differentiable since itis a linear
combination of such paths.



Proposition: If two closed paths are homotopic, then the integral over these two paths are equal.
Cauchy for almost simply connected domains follows by taking one of them to be a point. We will
prove this next lecture.

Lecture 8:
Proof of the proposition:

Let ¢, be closed contours. We say they are elementary deformations of one another if you can cut
up your domain of definition [a,b] and convex open sets C; in U such that if you take one part of your
partition of [a, b] it’s image under both paths is entirely inside C;.

By convexity, we let y; be a straight path between the two paths.

Let[; = ¢; +v; — Y; — yi—1 which anything we integrate along this is 0 by convex cauchy. Therefore,
by summing over all i, we get that if two paths are elementary deformations of one another then the
integral of anything along the two paths are the same.

This image shows what is going on.

Now we just need to show that there is a sequence of elementary definitions to get from any path to
any other.

Let H: [a, b] x [0,1] — U be our homotopy. Then we have a compact domain so its image must be
compact by continuity (to see this, the image must have its limit points since the pre-image does and
the function is continuous) and H is uniformly continuous. Also, the minimum distance from the
image of H to the edge of U is positive (as in last lecture), say this is €.

Now by uniform continuity of H there is some universal & such that changing the path by & and picking
a sufficiently fine partition of [a,b] the two paths are elementary deformations using an open ball of
radius €. le, each little square in our partition of [a, b] x [0,1] has its image inside an € ball, so any two
paths within 6 are elementary deformations. So we have our sequence of elementary deformations,
as we wanted.

Now we talk about zeroes of holomorphic functions.

Letf be holomorphic on an open ball about a, so by taylor’s theorem we know we can write f as a
convergent power series.

If f is not 0 everywhere, we can write f as a power series f(z) = (z — a)™g(z) where gisnotO ata. If m
is not 0, then we say f has a 0 of order m at a.



Proposition: (Principle of isolated zeroes) If f is holomorphic on a ball about a, not 0 everywhere on
the ball, then there exists some p such that on the ball of radius p about a not including a, fis not 0.

Proof: If f(a) is not 0 we are done by continuity of f. Otherwise, write f(z) = (z — a)™g(z) and apply
the “trivial case” to g.

Theorem: (Identity theorem) Let UEC be a domain and let f, g: U — C be holomorphic. Let S be the set
of zin U such that f(z) = g(z). Then if S has an accumulation point in U, then S=U.

Proof: Apply the previous proposition to f-g. Specifically, suppose w is an accumulation point of S,
then f=g is 0 in some open ball around w. Now if z is in U, we can join z to w by a piecewise C! path Y.

Now consider I = {t € [0,1]: all derivatives of f — g at Y(t) = 0}. Then I=[0,1] because | is non-
empty, closed (contains limit points), and open in [0,1] (by the principle of isolated zeroes).

Note that sets which are both open and closed in a connected set that are non-empty must be the
entire set since otherwise we would have a splitting of the connected set into two disjoint non-empty
sets (one the clopen set and one its complement which is clopen). Say U is a disjoint union of two
open sets in C. Now build a path segment from any point Ain U to any point B in the other open part of
U. Now for any point C on the path in A, it must have be that there is a disc around that pointin A by
openness, and thus an open interval around t must be a part of the path that is contained in A since
the path is continuous so pre-images of open sets are open. But then at the point x in the path where
F(x) = Sup(F(t),t € A), xcannot be in A otherwise it would be in A at a larger point, so x is in B, but
then xis also in B in an interval around it, so we do not have anymore that that pointis the least upper
bound of the points in A anymore. Contradiction.

This means that on complex functions we cannot do that thing where we have a function thatis 0 and
then starts growing in a differentiable fashion like we could for real functions.

VA

. . . (1
However, zeroes can accumulate at a point not in U, such as sin ( ) forz not 0.

Lecture 9:

Notation: If U is a domain then U is U with its boundary, or the closure of U. We write dU for the
boundary of U.

Corollary (Global maximum principle): Let U in C be a bounded domain (ie is in some ball) and take
a function which is holomorphic on U and continuous on dU. Then |f| achieves its maximum on dU.

Proof: U is closed and bounded and we know the extreme value theorem well, ie |f| achieves its
maximum somewhere. If it achieves its maximum at some interior point, then it achieves its maximum
in some open ball around a at exactly a, and therefore it is constant in this ball by the local maximum
principle, so by the identity theorem fis constant on all of U. Therefore, if the theorem is not true, fis
constant, in which case the theorem clearly is true.

Definition: Let U € U’ € C be domains and let f: U — C be holomorphic. Then a holomorphic
function f: U' — C which is also holomorphic is called an analytic continuation of f. By the identity
theorem we know this is unique if it exists, but it does not always exist.

Definition: If f: U — C is holomorphic and has no analytic continuation to any larger open set then we
say that dU is the natural boundary of f.



Example: Consider f(z) = Y-, 2™ which has radius of convergence 1 and therefore defines a

holomorphic function on the unit disc. But we know that this is the series expansion of i soithas an

analytic continuation i defined on all of C\{1}.

This is an example of something more general: The radius of convergence of a power series is the
distance to the nearest point in C where the analytic continuation does not exist, since the
holomorphic functions on open balls and the convergent power series on these balls are the precisely
the same functions.

Example: f(z) = Z,‘ifzozzn cannot be extended beyond the open disc B, (0). This is essentially
because the series blows up on the boundary of the disc at every point whos argument is of the form

% so you can never dodge these points when trying to make an analytic continuation.
2

Recall that if U is a domain and f is continuous on U and holomorphic everywhere except for on a finite
set then fis holomorphic on U. We will investigate what happens if f is hot continuous at some point S.

Proposition (Removal of singularities): Let U be a domain, z, € U, and let f be holomorphic on U\z,
but bounded in some neighbourhood of z,, then f can be analytically continued to z,.

An example of this is extendinggto be 1 at the point x=0.

Proof: Consider the function thatis 0 at z, and (z — z,)?f (z) otherwise, which we know is continuous
at z, and holomorphic around it since fis bounded. Recall that a function continuous and
holomorphic except at a single point is actually holomorphic. Therefore (z — z,)?f(z) is holomorphic
at z, and because f is bounded this has a taylor series expansion with first 2 terms necessarily equal
to 0, so we can use this to get a taylor expansion for f, hence fis holomorphic.

Proposition: Let U be a domain, z, € U, and f: U\{z,} — C be holomorphic. Suppose that |f| goes to

infinity as z = z,. Then there is a holomorphic function g: U - Cand a k € N suchthat f(z) = %
—40

and both g and k are unique.

Proof: Pick >0 such that |f(z)| = 1 on Bs(zy)\z,. Then h(z) = —~ S 0asz— Z, and by the previous

f(@
proposition h(z) is holomorphic on Bs(z,). Butthen h(z) = (z — z,)*1(z) where Lis holomorphic on
this ball and not 0 at z, (by continuity it is also not 0 sufficiently close to z;), so clearly k is unique, now
setg = %and the result follows, and g must also be unique. Also g is holomorphic because itis the

reciprocal of a non-zero holomorphic function on some open disc.
The converse is clearly true because g is bounded near z, but (z — Zo)k - 0.

Definition: Let U be a domain, z, € U, and f: U\{z,} = C be holomorphic. We say that f has an
isolated singularity at z,. We classify this into one of three types:

1. Removable singularity (If fis bounded near the point)

2. Pole (If f goes to infinity near the point), we say it is of order k where k is defined as in the
previous proposition

3. Essential (Otherwise), exactly when |f| has no limit near this point.

1
An example of an essential singularity is ez at z=0.



Lecture 10:
Essential singularities are bad spectacularly.

Proposition (Casorati-weierstrass theorem): Near an essential singularity, for any complex number
z there exists a sequence of points approaching the essential singularity such that f approaches z.

In fact there is a theorem (picard’s theorem) that says actually f takes all but at most 1 value on every
neighbourhood, but we don’t need this stronger theorem and its proof is beyond the course, so we will
only prove the casorati-weierstrass theorem. There is a deeper idea that somehow C and C minus 1
point and C minus more than 1 point behave completely differently.

Proof: The idea is that if this were not the case then f—iz would be bounded near the singularity and

therefore holomorphic there so f would have either a removable singularity or a pole at that point,
which is a contradiction.

1
As an example, if we take z=2 and the essential singularity at 0 of ez, then the sequence TG

works.

Another way to see this is that any little open ballis sent by i to the compliment of some closed ball

which contains some 2m width strip that is sent to every value near z = 0.

Example: %(Z) has a removable singularity at 0 because we can just make it 1 and then it has a power

4

. z2  z
series 1l ——+ —— -
6 120

1 ..
Example: = has an order 3 pole at the origin.

Note that if we add the point at infinity, then near a pole if we add the point at infinity we have a
perfectly well defined function. We say f is meromorphic on a domain U if on all but a set of isolated
points itis holomorphic and at these isolated points it has at worst poles and removable singularities.
A classic example is a ratio of polynomials.

We will now talk about functions which are holomorphic on a punctured disc (meaning a ball not
including its middle).

Theorem (Laurent series): Let A be an annulus (meaning a disc minus a smaller disc, it could be the
case that the larger disc is infinite and/or the smaller disc is just a point) and let f: A — C be
holomorphic, then f has a unique convergent series expansion of the form Y- _, ¢,(z — a)™.
Furthermore this converges uniformly for closed bounded sets inside A.

f(w)

1 .
py faBp(a) Tyt dw. However, we will not get an

Furthermore, for any radius p in the annulus, ¢,, =

easier formula involving the derivative like there is for Taylor’s theorem.

Once we prove this we immediately see that the following hold (for laurent series on punctured discs
where we have a singularity in the middle)

i) ais removable if and only if all the negative coefficients are 0
i) ais a poleif and only if finitely many of the negative coefficients are non-zero, and the order
is k if and only if k is the lowest hon-zero negative coefficient



iii) ais an essential singularity if and only if infinitely many of the negative coefficients are non-
zero

Proof: Fix some closed bounded annulus p; < r < p, inside the main annulus.

By considering the red and green curves in this image and the fact that they must both go to 0 by
Cauchy’s theorem, we know that the integral of some holomorphic function f along one of these
circles is independent of the circle’s radius.

So let z be any point with radius r. Then by Cauchy’s integral formula (whoch holds for non-balls

f(w)

because of convex deformation discussion), we know that if we take ~asa function of w, then this

will integrate to 0 on the path that does not cnclose z and f(z) on the other path. Therefore we get that

_ f(w) f(w)
fz) = 2mi [LB L@W ~ ZdW B faBm(a)w -z dW]

For the first integral we write

1 1 1 > (z— )"
w—z w-al\qj_2=-2]" (w — a)n+t
w—a n=0

Which is uniformly convergent since |z — a| < |w — a].

Similarly,
-1 1 1 v w—am?
w—z z—alq1_WWZ—a|" (z—a)m
Z—a m=1

And again this converges uniformly.

We can now swap the sum and integral to get

- fw) " fw) -
fl2) = ZHLZLB (a)(W_ )n+1dW(Z—a) +2—7TLZ.LB (a)(w—a) m+1dw(z—a)



Subsituting n with m in the second case gives the result (it is ok that the radii are different because the
integral of any function which is holomorphic everywhere on the annulus on any circle centered about
a is the same by previous discussion).

To prove that the coefficients are uniquely determined by f, suppose that for some k, we have ¢, given
by the integral formula and another valid coefficient b,. Then we have

2micy, = f ﬂdw
d

By (@ (w — @)k+1
We can substitute f(w) = Yy _w bp(Ww — a)™ to get

o

2micy, = f z b,(w—a)" *1dw
9B, (a)

n=-—oo
Again we have thatif ).n__, b, (W — a)™ converges then it converges uniformly (since the positive and
negative terms converge uniformly by previous discussion), so we can write

o)

2micy, = Z f b,(w — a)" * ldw

n=-—oo aBP(a)

And we know that the only term that survives is the n=k term, again by previous discussion, and here
the integral comes out to exactly 2mib;, so we have uniqueness.

Lecture 11:

We say a laurent series converges when the positive powers and the negative powers converge
separately. But in order to rearrange terms like this, we need absolute convergence, ie we need to be
inside the radius of convergence of the power series convergence, and outside %where Ris the radius
of convergence of the negative part. We have the negative partis Y,;—; c_,(z — a) ™" so we need to
havethat|(z—a)™'| <Rso|z—al| > %. If these constraints actually intersect we have a series that

converges on an annulus. But on the other hand, if a function is holomorphic on an annulus it has a
convergent laurent series expansion.

Definition: The principal part of a laurent series is the part with negative powers. This is always equal
toOatz = oo.

1 . . 1 . . . . .
Example: csc (;) has singularities at o SO it has a non-isolated singularity at 0 so it has no laurent
series on any punctured disc around the origin.

Example: Consider csc(z) = Sin;(z)which is holomorphic except at multiples of 1. This therefore has a

2
laurent series on a punctured neighbourhood of 0. We know that sin(z) = z <1 — % + 0(z4)>.

Therefore csc(z) = z (1 -

-1
2 2
=+ 0(24)) = §<1 + % + 0(24)> by just trying to do some kind of

z 6

-1
2
binomial series expansion of <1 — Zz + 0(24)> .



o 1 2 .
Example: Y- _ o o Sin’:(nz) forzin C\Z.

Proof: Let f(2) = Z,‘?ﬁz_w; If wis in C\Z there is some r>0 such that |w — n| > 2r foralln. If zis in

(z—n)?’
the radius r disc around wthen |z| < |w| + |z —w]| < |w| + r and |z — n| = |n| — |z| because by the
triangle inequality |n| < |n — z| + |z|. We therefore get |z — n| = |n| — |[w| —r = n — |w| —r and we
1

. 1 L.
< min{— ———
- in {rz ) (n—|w|—r)2}' But now itis easy to

also get that |z — n| = r. We therefore conclude that

see that ),

L B is bounded baove by something absolutely convergent, and it therefore follows that

|zZ—n
1

(z-n)?

since uniform convergence happens if there is a minimum rate of convergence that everything is

bounded below by, an intuitive fact that is good enough to understand why what we are saying is true,

the series ), has a minimum rate of convergence and converges uniformly on the ball. This is

but that we will make more precise in other courses when we talk about the Weierstrass M-test.

We know though that uniform limits of holomorphic functions are holomorphic, so fis holomorphic on
the ball. Since w was arbitrary we know f is holomorphic on C\Z (f is not uniformly convergent there

but it is holomorphic). Now note that f(z + 1) = f(z) everywhere and that f has a pole of order 2 at
1
sin?(1rz)

every integer. We also know that has a double pole at each integer. We know that near the

origin fis ziZ + Holomorphic stuf f, so near each k€Z, the principal part of the laurent series is o

2
s
sin(nz)) )
We know now that h(z) = f(z) — g(2) has only removable singularities at the integers, so itis an
entire function. We first want to show that h is bounded (since it would therefore be constant). By

But we know that singularities with the same principal part happen in the function g(z) = (

periodicity it suffices to show that if —% < Re(z) < %then h is bounded. Note that by continuity, it is

bounded on any rectangle of width 1, so we just need to show that h(x + iy) - 0 as y — t+oo. We note

42 . 1 1
that |g(2)| = m — 0, and since we know that the real part x has —3= Re(z) < - We can

conclude that |f(2)| < Z?—?:—oo; < y_12 +2¥0-

- < — 0. Therefore h is bounded on the
|x+iy—n]|?

-
(-
strip, hence constant, and because of our arguments this constantis in fact equal to 0, so the result
follows.

This implies with some careful work the famous result Z;‘{;ln—lz = %.

We will now talk about winding number, ie how to formalize the number of times a loop encloses the
origin.
LetY be a path from [a,b] to C not including the origin.

Lemma: There are continuous functions r and 6 such that y(t) = r(t)e®®.,

Proof: Set r(t) = |y(t)| which is clearly continuous and is never 0 by the extreme value theorem and
the fact that the path encloses the origin (we will need the non zero bit in the next sentence).

Now we replace y with % so our path takes values in the unit circle.

If the path is contained in C\R<, we can set 8(t) = Arg(y(t)). In fact we could do this on any slit
plane using any branch of the argument. Any two different 8’s will differ by at worst a multiple of 2.



Since y is continuous and so uniformly continuous on [a,b] there exists some d such thatif |[s — t| < §
then |y(s) — y(t)| < 2 so they are not opposite on the unit circle. Now split the interval into a bunch of
6 intervals, such that for each of these intervals, y has an image in a slit plane.

We now have made it so that on any 2 consecuative intervals of the partition, the argument agrees on
some part of them, and so now it is clear how this idea is formalized.

Lecture 12:

We now know if we have a closed path that misses a point w how to formalize the idea of how many
times your path encloses w. We define the winding number of a closed path Y about w which we write
as I(y,w) as the number of times we enclose w anticlockwise, ie the argument difference divided by
211,

If a path is piecewise C! and closed and does not pass w then an alternative definition of this is given
bysz_ fyﬁ dz, because of how the imaginary part of the logarithm changes in the same way as the
argument.

We will now make an observation which we will not fully formalize because formalizing it is not really
necessary to understand why it is true. If we take a path and consider a region it encloses, the winding
number will be constant inside each such region. There is exactly one unbounded region (ie the region
not enclosed by the path) where the winding number is 0.

We will, however, see a formalization of this for piecewise c?t paths.

The integral form of the winding number is continuous in w whenever w does not cross the path, but it
is integer valued, so it must be constant.

. . L . 1
Also, the same is true for the unbounded section, except this time the integer must be 0 because p—

can get as small as we like by making w sufficiently large, or equivalently because we are integrating a
well defined holomorphic function on a simply connected domain on a closed loop.

Lets go back to holomorphic functions on punctured discs with an isolated singularity at a and
therefore a local Laurent series. In Y5-_, ¢,(z — a)™, when we integrate this in some disc around a,
every term except the n = —1 term will vanish. We define c_; to be the residue of f at a. We get the
following result:

Theorem (Cauchy’s Residue Theorem): Let U be a simply connected domain and let f be
holomorphic everywhere except on a finite set with points z4, z,, ..., z in U (where it may have isolated
singularities). Suppose we have a closed path y such that none of these points lie on the path. Then

k
1
7wt | F = 2. 107z0res ()

Proof: There is a laurent series with principal part g; in a punctured disc about each z;. If we take a
new function f — g; — g, — *** — gi then this must be holomorphic everywhere on U (as it just has
removable singularities).

By the other cauchy theorem for simply connected domains the integralof f — g; — g, — - — gk is O
on any contour. Therefore fyf(z)dz =Yk, fy gi(z)dz. Because we can swap the sum and integral by



uniform convergence of g; on compact subsets of U, we notice that only the integral of the -1 power
term of the laurent series will survive. Therefore, the result follows.

f(2)

Note that we get the cauchy integral formula by applying Cauchy’s residue theorem to —= p—

We say a contour bounds a domain D in U if the winding number is 1 for win D and 0 otherwise.

The residue theorem says that integrating over a loop counts the residue of all the singularities the
loop encloses.

Lemma: Let U be a domain and let f be meromorphic with a pole at a. Then

i) If this pole has order 1 then resf(a) = lim(z —a)f(2)
ii) If f(z) = iE ;where g and h are holomorphic at a and g(a) # 0 and h has a zero of order 1 at
g(a)

athenres(a) = e

(k— 1) (a)
(k—1)!

iii) If f(z) = ‘g( ) % with g holomorphic near a then resy(a) =

Lecture 13:
Proof:

To prove (i), just consider multiplying the laurent series expansion by z-a and taking a limit by

continuity.
.. T g(2) . g(a) .
To prove (i), we note that resf(a) = hm(z —a)¥ o) by (i) = lim(z — a) PR because gis
z-a -
. z—a _ g
holomorphic and h(a)=0 so ress(a) = g(a) ll_)rr(ll "o h@ = e

To prove (iii), note that we just want the coefficient of (z — a)*~! in the taylor series for g, so the result
follows.
The function f(z) = (+1 + i). Consider a contour like this traversed

anticlockwise:

£ -4 -2 o 2 4 L]

2

We want to take a limit as we make this a larger semicircle. This encloses 2 poles and its winding
number about each is +1. But note that the length of the semicircular bitis O(x) and we are
integrating an 0 (x~%) thing so it goes to 0. But by Cauchy’s residue theorem, our 2 poles have some
residue which we will calculate, and the result will be 27i * (The sum of these 2 residues), but we
have to divide by 2 since we are integrating from 0 to infinity, and the function is symmetric.



By part (ii) of our previous lemma, the residue of f at a pole p; is 4% = —%pi since pf‘ = —1. So now we

i

1 . 1 1
sdx = 2mi 5+
1+x

3
4(\/%(1“')) 4(%(—1“'))

poles are just at e «+ . We can simplify and check that it gives the answer

. This looks horrible but we know that the

have that 2 fooo
L
V2’
Example:

Lets find [ <0 dy.

Note that high up on the imaginary axis, cos(x) grows exponentially. Therefore the same semicircular

contour won’t work. Let f(z) = because if we integrate this the real part will be exactly what we

1+z+2z2
want.

This will have poles at —% T ? i. We will consider the same semicircle, and the only pole we enclose

will be the one at% + gi. Lets consider the integral along the semicircle if its radius is R: The absolute

Re—R sin(0)

value of that will be | [* f(Re'®)iRe®d6| = [ d@. But now note that this is 0 (%) which

|RZe2i0 +Reif+1]
goes to 0 so we just need to find 2mi * The residue at the pole and take the real part.

elZ

2z+1

j‘” cos(x) p _2m (1) _@
ol +x+x2 x—\/§cos 2)¢

Now applying part (ii) of the lemma again we get is the residue and then we get the result

Lemma: Let f have an order 1pole at a and be holomorphic on the open ball of radius r around a. For
0 < e<r,y:(t) = a+ e’ defined on [A,B]. Then lir‘% fy f(z)dz = (B — A)i *ress(a)
ED &

Proof: As f has an order 1 pole we can write f = j + g(z) with g holomorphic. Then g is continuous

and locally bounded so |fy g(z)dz| — 0 as e = 0. Butwe know c is the residue of f, and that if we
&

integrate j on this arc we getic(B — A). So the result follows.

Lemma: If fis holomorphic on {|z| = r} and zf (z) is bounded for large |z|, then for all A>0, we have
that fny(z)eiAzdz — 0 as R - o and yj is the semicircular arc of radius R.

Proof:

. C . . . [ _ % .
For large |z| there is some C such that | (2)| < o If z = Re't then |e4?| = eRe(iARe™) _ o—RAssin(t)

RA%Z

, 2t
Thereforeif 0 <t < %then |e‘AZ| < e """7 .If we can show that the integral along this quarter circle

goes to 0 then the same argument will show that the integral along the whole semicircle goes to 0 by

combining the 2 parts. Now the integral of the quarter arc is fgeiRAeitf(Reit)Re"t dt. But now this is

L 2t r 2t
bounded in absolute value by [2e ™% ZR dt = C [Ze ™7 dt = —(1-eR) >0,

Example: [ LG

0 x



This has a removable singularity at 0, but it still becomes exponentially large on any semicirular

iz
contour. Let f(z) = 67, but then this has a pole at 0 with residue 1, so we cannot use a contour that

goes through 0. Consider a contour like this traversed anticlockwise:

-

°on

Now the integral over this contour is 0 because it encloses no poles.

Now consider the integral over the small semicircle in the limit. By 2 lemmas ago, it is i*res*(B-A)
where here because we are going anticlockwise, B-A=-1t. We therefore get —im. And by the lemma 1
lemma ago, the integral over the large semicircle goes to 0. So overallin the limit, we have

f f(z)dz = in
. . . . . f(@)-f(-2)
But we will get minus the same result if we integrate f(—2z), and sin is — Therefore

dz=m

jw sin(z)

Z

—00

So by symmetry,

I |

J sin(z) g =
o Z 2

Example: foo dx,-1<a<1

— cosh(x)

This has poles whenever z = (n + %) i for some integer n. But we have the useful property that

cosh(x + im) = — cosh(x).

Now consider a box contour where we traverse the boundary of a box anticlockwise where the box
goes from -R to R on the real axis and 0 to 1t on the imaginary axis.

ea(R+iy) 2eaR

~r,-r| X = O becauseais

Along the right hand vertical segment, we have fonmdx < fon

between -1 and 1. But now note that if | is the integral on the bottom contour, then by the periodicity

property of cosh, the integral on the top contouris e[ We can calculate the residue at the pole we
ami

enclose is —ie 2 , again using the derivative formula. Therefore (1 + e@m

)I is 21t times the residue.

We can therefore calculate | and use trig identites to get T sec (”7“)

Lecture 14:

Example: Lets find fooo % dx.



In this case we will define a branch of the logarithm by cutting along the negative imagniary axis. Then

()

we will consider a contour like the one we did for the == example. As usual we will find the limit as

the semicircles get small and large On the large semicircle, the integral is on the order of 5(1?) - 0.

On the small semicircle the integral is of order € log(e) — 0. But the only singularity we enclose is i, so
the total integral on the real axis is 2mi * Res(I).

This means 2 fo log(x)d +f dx = 2mi * Res;(i). But the residue at i is — by the lemma from

o<>1+2

log(x) dx = 0.

+x2

lecture 12, and f_oo Tra? dx = —. Therefore we deduce thatin factf

We could also do a keyhole contour where we avoid a slit of the plane by a small amount and take a
limit.

Definition: The zeroes and poles of a meromorphic function always have an order, as we have
discussed before. It is exactly the smallest non-zero coefficient in the laurent/taylor series.

Lemma: Suppose fis meromorphic on a domain U with a zero of orker k or pole of order -k at a, then

'@

f(2)

f(z) = (z — a)*g(z) with g holomorphic and g(a) # 0then f'(z) = k(z — a)* ! + (z — a)*g'(2) so
'@ kK 9@

therefore —— = — + =——, and the second term is holomorphic near a.
f@  z-a g2’

if

f'(@)
f(@)
connected domain not containing 0).

We usually call——the logarithmic derivative of f (since it is the derivative of log f on any simply

Theorem (Argument principle): Let U be a simply connected domain And let f be a meromorphic

function on U with finitely many zeroes and poles. Let Y be a closed contour that does not cross any
zeroes or poles. Then | ];(( )) dz is the sum of the orders of the zeroes minus the sum of the orders of
the poles, each weighted by winding number.

Proof: This follows from Cauchy’s residue theorem and from the previous lemma.

Remark: If we take I' = f o y this is a closed path in C\{0}. Then| r @ 4z = L

Y 7@ dz = Py Imf(y)fdfwhlchlsthe

number of times I' encloses the origin.

Theorem (Rouche’s theorem): Let U in C be a domain, let Y in U be a closed curve which bounds a
domain D in U. Let f and g be holomorphic on U and suppose |f(2)| > |g(z)| everywhere on Y. Then f
and f+g have the same number of zeroes in D when counted with multiplicity.

Proof: If |f(2)| > |g(2)| everywhere on Y then in particular neither f nor f + gcanbeOonYasf
cannot be 0 or -g since the inequalities are strict. Therefore the integrals we will work with are well

defined. Look at h(z) = f@+a@ _ 4 +9@ Note that forall zin Y, h(z) € B;(1). Therefore the winding

f(2) f@"
number of h o Y about 0 is 0. So the argument principle implies that the number of zeroes and poles of

hin D are the same counted with multiplicity. But the zeroes of h are the zeroes of f+g and the poles of
h are the poles of f, and if f and f+g share a 0 then if they have the same multiplicity we will have no
contribution, and if they have differnet multiplicities we will pick up their difference.

Lecture 15:



Example:
z* 4+ 6z + 3 has exactly 3 roots counted with multiplicity in the annulus 1 < |z| < 2.
The proof of this is as follows:

On|z| = 2,|z*| = 16 > 6|z| + 3 = |6z + 3|. Therefore our polynomial has the same number of roots
in |z] < 2 as x* which we know has 4.

However, on |z| = 1 by considering 6|z| = |z* + 3| and there is the same number of roots in our
polynomial as in the polynomial 6z which only has 1 root.

So the result follows. Note that there are no roots on the boundary since the inequalities were strict.
Example:

Let P(x) be a polynomial with degree n with leading coefficient 1 and integer coefficients. Suppose that
the constant coefficient is not 0 and that the n-1 coefficient is greater than the sum of the absolute
value of all the other coefficients. Then P has no integer roots, and P cannot be factored into 2 integer
polynomials.

Proof:

Consider f(z) = a,_1z" tand g(z) = P(z) — f(z). Then we know f > g on the unit circle by
hypotheses. But then f and p have the same number of roots inside here. Therefore P has exactly 1
root outside the unit circle.

But now suppose for a contradiction that P(x) = Q(x)R(x) with Q and R having integer coefficients.

Suppose Q has the special root with size at least 1. Note that neither Q or R have vanishing constant

term and they have integer coefficients. For each polynomial, the product of allits roots is an integer,
but one has only roots strictly between 0 and 1 in size, so this is a contradiction.

Example:

1
——dz=0
JI‘ZI=2 S +12z-57

Proof:

On the contour, |z°| = 32 > 29 = 12|z| + |5| = |12z — 5|. So all the poles are enclosed by the
contour, by Rouche’s theorem and the same argument as what we did with the degree 4 polynomial.

Note, however, that if we were integrating over a really large circle, we would be integrating something
of O0(R™>) over a contour of size O(R), so it certainly tends to 0. But it encloses the same poles, so the
result follows by Cauchy’s residue theorem.

Defintion: Let a € C and let f be non-constant on B,(a). Then the local degree of f, which we write as
deg,_, f atais the order of the 0 of f(2) — f(a) at a.

Lemma:

Let f be holomorphic and non-constantneara. If y(t) = a + re't with 0 < t < 2m and r sufficiently
small, then the local degree of f at a is the winding number of f o y about f(a).

Proof:



By the principle of isolated zeroes, f(z) — f(a) does not vanish on some punctured neighbourhood of
a. So we can take r smaller than this threshold. Then the winding number is actually well defined. Now
note that the winding number about 0 of (f(z) - f(a)) o y is the same as the winding number we
want, and the result follows by the argument principle.

Theorem: (Local mapping degree) Take a holomorphic non-constant function on a ball asin the
previous theorem and with local degree at a equal to k > 0. Then for each p sufficiently small, there is
anesuchthatif0 < |[w — f(a)| < ¢, f(z) = w has kroots of order 1 inside the p-disc about a.

Intuitively this is true by approximating by a polynomial zk.
Proof:

Again pick p small enough such that by the principle of isolated zeroes, f(z) — f(a) and f'(z) are not
0 in a punctured disc of radius p about a.

Let Y be the circle of radius p about a. le, a + pe?™ for 0 < t < 1. Then f(a) is not in the image of
f o y.Butthis image is a closed set so there is some ball about a of radius € thatis not in the image. If
wis in B¢(f(a)) we will count solutions to f(z) = w inside B, (a).

By the argument principle, the number of zeroes is the winding number of f o y about w, which is the
same as its winding number about f(a), since f(a) and w have the same winding humber as we can get
from a to w continuously without crossing through the path, in fact a straight line would work by our
previous argument. But by the previous lemma, this is just k. So the result follows.

Theorem (Open mapping theorem): Let U be a domain and let f: U = C be holomorphic and non-
constant. Then the image of U is an open set.

Proof: Foreach ain U, since U is open, we can find such a p-disc as in the above theorem, and then
what happens is that there is an e-disc about f(a) that is in the image, again by the above theorem. So
the image is open.

Furthermore, the image of f under any open Vin U is open.

Corollary: Let U be a simply connected domain not equal to C. Then there is a holomorphic injection
frun U to the unit disc. Note that this is false if U=C by Liouville’s theoorem.

Proof:

Let g be a pointin C notin U, then consider a branch of the logarithm in U by log(z — q), possible
because U is simply-connected. So we can solve the equation z — g = h? for h holomorphic on U, by

~log(z—q)

justtaking e . Now lets pick some pointyin h(u), then there is an open neighbourhood of this

in h(u) by the open mapping theorem.

Note that y N B.(—y) is empty if € is sufficiently small. Essentially, h is one branch of the square root
so if B(y) isin h(u), B.(—y) cannot be in h(u) at all since if something and —(that something) were in
h(u), they would be the square root of the same thing, so we would have a multivalued function.

Now consider f(z) = then this is bounded by 1, and itis invertible so itis an injection.

-
2(h(@+y)’

Lecture 16:



As the last theorem in this course, we will try to prove the riemann mapping theorem, which says that
every simply connected domain that is not equal to C is conformally equivalent to the open ball B; (0).
Note that the not equal condition is necessary because otherwise we would have a holomorphic non-
constant function from C — B;(0) which we know is not possible.

Definition: We say a sequence of holomorphic functions converges locally uniformly to some fif at
every point they converge uniformly on some ball around that point.

Example: z" as n gets large converges not uniformly but locally uniformly to 0 on B;(0).

Proposition: If U is a domain and f,, = f locally uniformly on U where the f;, are holomorphic, then fis
holomorphic and f,, = f' locally uniformly.

Proof:

Recall that we proved a similar statementin lecture 7. Recall also the integral forms of the terms in
the tatlor series.

Fix zand let r be constant such that f converges uniformly on 0B, (z).

Soif|z—al| < gthen

12 sup |f(w) — fu(w)|

lw—al|=r

n 1
@ - r@l=g|[ E

< —
(w—2)? 21 2mr

~~
N =
~

Which goes to 0 uniformly in z by local uniform convergence.

Proposition: If a sequence of holomorphic functions converges uniformly on a domain D then it
converges uniformly on every compact subset of D.

Proof: Let Kbe a compact subset of D. For each pointzin K, let U be an open ball around z such that
our sequence converges uniformly, which is possible by local uniform convergence. We can do this for
every z in Kthen take a finite subcover by compactness. Now ennumerate this finite subcover

U, U,, ..., Ux. Now by definition of uniform convergence, for all >0, there is some Ny, N, ..., N}, such
thatforalln > N; andw € U}, |f,(w) — f(w)| < e. Now by taking N = max(Nj, N, ..., Ni) we deduce
that we have uniform convergence over all the U;’s, thus uniform convergence on D.

Proposition: If a sequence of injective holomorphic functions converges locally uniformly tofon a
domain u then fis either injective or constant

Proof: Suppose fis non-constant and that f(z,) = f(z,) = a. Now as we have seen before these
points are joined by a polygonal path in U, and it is possible to find a path that bounds a domainin U
that contain z;and z,, just by openness.

By the identity theorem, f would be constant if it was a everywhere on this path. So the pre-image of a
consists of isolated points and our path could dodge them. By the argument principle,

12 [ AP



Since f, is injective for every n. A path is compact so f,, converges uniformly on this path by the
f'(@)
Y f(z)-a

previous proposition. So the integral converges to f dz which is at least 2 by the argument

principle which is a contradiction.

Definition: Let U be a domain and let F be a family of holomorphic functions on U. For the next few
definitions, we have the same conditions. We say U is normal if every sequence of functions in F has a
subsequence of functions that converges locally uniformly on U.

Definition: We say F is uniformly bounded on compact subsets of U if for every compact subset K of U
there exists an M such that |f(z)| < M forallzinKand fin F.

Definition: We say F is equicontinuous on a compact set K if for every € > 0 there existsa § > 0 such
that wheneverzandw areinKand |z — w| < §, forall fin Fwe have |f(z) — f(w)| < €. Note that we
have seen this definition in level 6.

This condition basically means that we have uniform continuity uniformly on the family.

Definition: Let K; be a countably infinite sequence of compact subsets of U. We say itis an
exhaustion if 1. Each one is contained in the interior of the next one and 2. Their union equals U.

Lemma: Any domain U € C, in other words any open subset of C, has an exhaustion.

Proof: We have seen something similar in the “Analysis lemmas” document. The idea is to let K; be
the set of all points in U such that their distance is > %from the boundary of U, intersected with the

compact set |z| < L. If two of these sets are the same we just take a subsequence such that they are
not, as we certainly need infinitely many since they are all compact so finite unions of them will also
be compact.

Theorem (Montel’s Theorem): Every family F which is uniformly bounded is normal and
equicontinuous

Proof:

Before we do it, note that it is not like the situation in the real numbers, where f,,(x) = sin(nx) on (0,1)
is uniformly bounded but not equicontinuous or normal.

Let K be a compact subset of U and let r be small enough that B3,.(z) is contained in U for allzin K,
this is possible by the extreme value theorem as the “shortest distance to boundary function” is
continuous on K and attains a minimum on K by the extreme value theorem as Kis compact, and this
minimum is not 0 since Kisin U and U is open and thus U does not contain any of its boundary points
and thus neither does K so the function cannot be 0 anywhere in K as it is only 0 on boundary points of
u.

Let z,w be some 2 points in Kwith |z — w| < r and let Y be the boundadry of the circle B, (w),

possible by how we chose K. Then we have f(z) — f(w) = EI f(®) [— — —] dt by the cauchy
integral formula.
Now |f(2) = )| < 5= [ IF D1 |5 = 5] dt = 5= [IF Ol Ao de < = [ I ()12 - wlde

But now,



27T
27T

If(2) = f(W)| =

xMx*|z—w|=—|z—w|
r

Existence of this M follows from uniform boundedness applied to the compact set consisting of all
points in U at a distance at most 2r from K. Therefore there is a C such that for EVERY zand win K at
most a distance R apart, |f(z) — f(w)| < C|z — w|. Thus equicontinuity on K follows.

We now just need the proof of normality. This will be identical to something which we proved level 6,
so therefore | will not do it again.

Lemma: Let f be a holomorphic function with domain equal to B, (0) and image in B;(0) and suppose
that f(0) = 0, then f'(0) < 1 andiffis not a rotation then f'(0) < 1.

Proof:

Since f(0) =0, g can be defined with just a removable singularity. We know that |@| < %where

r = |z| for each z by assumption. By the local maximum principle, we conclude that this stays true for

every zwith |z| < r. So we can let r approach 1 in the limit and we conclude that |f(z)| < z for all z.

Now note that by definition of the derivative, if g(z) = with the removable singularity removed

then g(0) = f'(0) sowe get f'(0) < 1. Furthermore, if f'(0) = 1 then gis constant by the local
maximum principle so fis indeed a rotation.

Lemma: Let U be a domain and let f be holomorphic on U. Let z, be in U and let D be some closed

disc in U centered about z, with radius R. Then the n’th derivative of f at z, is bounded above as

n! sup |f(2)|

follows: |f ™ (z,)| < e

Proof:
By the cauchy integral formula,

n! f(2)

2mi Jyp (z — zp)"t1

o) = [zt Re?) nt, sl @)
0

i _nl -
(R Rie'?do —ﬁ2nRz

n!
dz| = —
Z| 2T

Rn+1

So the result immediately follows by simplification.
We will now prove the riemann mapping theorem.

Theorem (Riemann mapping theorem): Let UEC be a simply connected domain and suppose that U
is not C. Then there is a conformal equivalence between U and B;(0)

Proof:
This will be kind of long, but we will do it.

We will first prove that U is conformally equivalent to some subset of B;(0) containing 0. To do this,
pick a complex number a thatis NOT in U (since by hypothesis, this exists), which allows us to define
f(2) = log(z — a) holomorphic everywhere on U. We have e/® = z — a which shows that f is injective
(since f(z) = f(w)impliesz—a=w —asoz=w).

Now pick a pointw in U and observe that f(z) # f(w) + 2min for any zin U or non-zero integer n
because otherwise we could exponentiate both sides to find that z = w and therefore f(z) = f(w).



Furthermore, there is a disc of points around 2mi + f(w) that f does not hit, because otherwise there
exists a sequence z, in U such that f(z,) - f(w) + 2mi by continuity of f. But exponentiating this
relation we find that z,, = w so by continuity f(z,) = f(w) which is still a contradiction.

Now by our analysis, the map F(z) = is bounded and injective. It follows that Fis

1
f(@)—-(f (w)+2mi)
conformal by our results around local mapping degree, since if F had a zero derivative anywhere then

it would not be injective, since in some neighbourhood around that point there would be a value that F
hits more than once. By moving and scaling the image of F appropriately, we have a conformal map
from U to an open subset of B (0) containing 0. We therefore may now assume that U is such a subset
for the remainder of the proof. Note that U is also simply connected (every loop can be shrunk to a
point by considering the pre-image of that loop on the starting U).

Let F be the family of injective functions from U to B;(0) that send 0 to 0. This is non-empty since it
contains the identity and is uniformly bounded (since it is bounded above in absolute value by 1). By
the previous lemma applied to a small disc centered at the origin, there is a uniform upper bound for
|f'(0)], so let s be the supremum of f'(0) over F.

Now by the definition of supremum, there exists a sequence f,, in f such that |f,,(0)| - s asn — . By
montel’s theorem, this has a subsequence that converges uniformly on compact setsto a
holomorphic function f on U. By a previous proposition, the resulting function f is also injective, as
since the identity functionisin F, s = 1 so fis not constant. By the local maximum principle, we see
that everywhere on U, |f(2)| < 1, since |f(z)| < 1 asitis a limit of such functions. Since f(0) = 0, it
follows that this function fis actually in F, and that it attains [f'(0)| = s.

This f is actually the conformal map we are looking for, we just need to show that it is surjective.

We will do this by contradiction: We will show that if it were NOT surjective, we could find a function in
Fwith |f'(0)| > s.

Suppose ais in the unit disc such that f(z) # a forallzin U. Then consider the function

) = a—z
vi2) = 1—az

Itis easy to check that this swaps 0 and a and that it sends the unit disc to itself. Specifically, for the
last part, because if |z| = 1 then |[Y(2)| = % = % = 1 so it sends the boundary of the disc to

itself, and it sends the unit disc to some simply connected domain, and if there were some exterior
point in the image then as you move from the corresponding point in the pre-image to 0 you will cross
the boundary contradicting the fact that this is a mobius map and hense is injective, so every pointin
the image is in the unit disc, and moreover every point in the unit disc has a preimage in the unit disc
since mobius transformations are invertible, so itis a surjection onto the unit disc.

Since U is simply connected and l/)(f(U)) is also a conformal image of U, w(f(U)) is also simply
connected for the same reason that U was, and l/)(f(U)) does not contain the origin. It is therefore

1
possible to define a function g on Y(f(U)) by g(w) = ez108W),

Now define ¢(z) = %. Then let H(z) = ¢ (g (w(f(z)))). Now observe:

- His holomorphic



- H©)is¢ (9(¥(0)) = ¢(g(a)) =0
- Hmapsinto B;(0) since it is true for each of the functions in the composition
- Hisinjective because it is the composition of 4 injective functions

ThusHisinF.

Now define G(z) = Y~ 1(¢~1(2)?), which is a non-injective function from the unit disc to the unit disc.
Itis non-injective since it has the squared in the middle. Now we note that by construction,

f(2) =G6(H(2))

But G maps D into D with G(0)=0 and it is not injective so not a rotation so it follows that ¢'(0) < 1. But

by the chain rule, f'(0) = G'(H(0))H'(0) = G'(0)H'(0), so |f'(0)| < |H'(0)|, which is the
contradiction we wanted.



